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Abstract

Geometrical constraints on symmetry and elevation of a tensegrity structure are formulated
as linear equations with respect to force densities and nodal coordinates. These constraints
are incorporated into the adaptive force density method for finding the non-degenerate and
self-equilibrated configuration of the structure. The form-finding process is divided into two
design stages: (1) finding the feasible force densities that satisfy the non-degeneracy condition,
and (2) unique determination of the configuration (nodal location) satisfying the equilibrium
conditions. The proposed method is demonstrated to be powerful for systematically searching
new configurations subjected to the geometrical constraints.

Key words: Tensegrity Structure; Symmetry; Form-finding; Geometrical Constraint; Force
Density Method.

1. Introduction

In the shape design of a tensegrity struc-
ture, geometrical properties are usually
concerned by the designers. For example,
symmetric configuration is generally re-
garded as more beautiful and preferable
than the asymmetric one. Due to the in-
teraction between the self-stresses in the
members and the configuration, geometri-
cal properties of a tensegrity structure are
not easy to be exactly controlled. This mo-
tivates us to present a general methodology
to find the proper configuration, the so-

Fig. 1. The simplest three-dimensional tenseg-
rity structure.

[1]. The structure consisting of six nodes
and nine members as shown in Fig.1l is
the simplest three-dimensional tensegrity

called form-finding problem, of the struc-
ture subjected to the specified geometrical
constraints.

The word tensegrity — contraction of ten-
sion and integrity, is introduced by Fuller
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structure. The members in thick lines are
struts which contain only compression and
the ones in thin lines are cables contain-
ing only tension. Note that the struts do
not contact with any other strut. This is
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the original and and strict definition of
the tensegrity structures. Thus, every node
of the structure should be physically con-
nected with only one strut.

Tensegrity structure belongs to the Type
III pin-jointed structure according to the
following classification for general pin-
jointed structures based on the statical
stability investigation [2]:

e Type I. truss, which contains no self-
stress.

e Type II: tensile structure, the members
of which are in tension.

o Type III: tensegrity structure, which has
both tensile members (cables) and com-
pressional members (struts).

The force density method [3], which
transforms the non-linear self-equilibrium
equations with respect to the nodal coor-
dinates into a set of linear equations by
introducing the concept of force density,
force-to-length ratio, can be easily applied
to the form-finding problems of tensile
structures because the equilibrium matrix
is positive definite in these cases.

The difficulty in application of the basic
idea of force density method to tensegrity
structure is that the structure may degen-
erate to a plane, a line or even a point,
because of the singularity of the associated
equilibrium matrix and the existence of
both tensile and compressional members.
In order to find the feasible force densities
that satisfy the non-degeneracy condition
of a tensegrity structure, an analytical
method [4] and a numerical method [5]
were presented.

When the structure is relatively simple,
the analytical method can find the rela-
tionship among the force densities satisfy-
ing the non-degeneracy condition so as to
provide a deeper insight of the mechanical
properties of the structure. On the other
hand, when the structure is relatively com-

plex and has many nodes and members,
the analytical method might not be efficient
enough and the relationship among the un-
known parameters may turn out to be less
meaningful because of the large number of
them. In this case, the numerical method,
called adaptive force density method, can
be a more powerful tool for systematically
searching new configurations.

However, both of the above-mentioned
methods cannot have exact control over the
geometrical properties of a tensegrity struc-
ture, e.g, asymmetric configuration may be
obtained although the symmetric one is ex-
pected. This is because that the geometri-
cal constraints have not yet been explicitly
included in the formulations.

To enable designers to directly control
the configuration, the adaptive force den-
sity method is extended and divided into
two design stages in this study. The ge-
ometrical constraints regarding symme-
try and elevation are formulated in linear
forms with respect to force densities and
nodal coordinates. The constraints with
respect to force densities are incorporated
into the first design stage of the method
to find the feasible set of force densities
satisfying the non-degeneracy condition.
And the constraints with respect to nodal
coordinates are incorporated in the sec-
ond design stage to uniquely determine
the preferred configuration of the structure
satisfying self-equilibrium conditions.

The paper following this introduction
is organized as follows: Sections 2 briefly
gives the self-equilibrium equations and the
non-degeneracy condition of a tensegrity
structure. Section 3 presents the formula-
tions of the geometrical constraints on the
structure, including symmetry and eleva-
tion. The geometrical constraints are in-
corporated with the adaptive force density
method to find the proper configuration of
the structure in Section 4. Section 5 gives



a detailed description on the geometrical
properties of tensegrity towers, which are
used as examples to illustrate the validity
and capability of the proposed method in
Section 6. Section 7 discusses the advan-
tages and disadvantages of the proposed
method and then concludes the study.

2. Self-equilibrium Equations and
Non-degeneracy Condition

The topology of a tensegrity structure
composed of the members that transmit
only axial forces can be described in terms
of the connectivity matrix C € R™",
where m and n are the numbers of mem-
bers and nodes, respectively. If member k
is connected to nodes 7 and j (i < j), then
the 7th and jth elements of the kth row of
C are equal to +1 and —1, respectively,
while other elements in the row are zero.
Note that C is a constant matrix when
the topology of the structure is given. This
way, the topology of a tensegrity structure
can be defined as a directed graph [6].

Let x, y and z (€ R"™) denote the vectors
of -, y- and z-coordinates, respectively, of
the nodes. Denote the force density g of
member k as the force s to length [ ratio;
i.e., g = si/lx. Since a strut and a cable
can transmit only compression and tension
forces, respectively, we have ¢, < 0 for a
strut and ¢, > 0 for a cable. The force den-
sity vector consisting of g, (k = 1,...,m)
is denoted by q € R™.

When there is no external load ap-
plied, the structure is in a state of self-
equilibrium, and the self-equilibrium equa-
tions with respect to the nodal coordinate
vectors X, y and z in each direction can be
respectivly written as [5]

Ex=0 (1.1)
Ey=0
Ez=0 (1.3)

where E € R™*" can be formulated by
using the connectivity matrix C and the
diagonal version of the force density vector
as

E = C'diag(q)C (2)

From the definition of the force density,
we may know that the self-equilibrium
equations (1.1)—(1.3) are non-linear with
respect to the nodal coordinates. In the
case that the force densities are known or
given, E can be regarded as a constant
matrix, and the originally non-linear equa-
tions are transformed into a set of linear
equations with respect to the nodal coordi-
nate vectors X, y and z, respectively. This is
the basic idea of the force density method.

Since E in the self-equilibrium equations
represents the equilibrium with respect to
the nodal coordinates of the structure, it is
called equilibrium matrixz in the study. Note
that E may also be called stress matrix [7]
or force density matrix [4] in some other
studies.

From the definition in Eq. (2), E is al-
ways square and symmetric, furthermore, it
has rank deficiency of at least one, because
the sum of the components in each row or
column is 0.

Let h denote the rank deficiency of E as

h =n — rank(E) (3)

The solution space of each linear self-
equilibrium equations in (1) can then be
described as a linear combination of h
independent vectors. As discussed in [5]
based on the solution spaces, h of a
non-degenerate d-dimensional (d=2 or 3)
tensegrity structure should be equal to or
larger than the necessary rank deficiency
h* as
h>h"=d+1 (4)
When Eq. (4) is not satisfied, the struc-
ture in the d-dimensional space will de-
generate into a space with lower dimen-



(a) perspective view

(b) plan

Fig. 2. An example of rotational symmetry of five struts.

sions, such as a plane (h = 3), a line
(h = 2) or a point (h = 1). Hence, the
problem of finding the configuration of a
non-degenerate three-dimensional tenseg-
rity structure turns out to be a process of
finding a feasible set of force densities that
satisfies Eq. (4) with d = 3.

It should be noted that this is only the
necessary but not sufficient condition for
a non-degenerate tensegrity structure; i.e.,
the structure satisfying Eq. (4) may still
be degenerate due to the inappropriately
specified nodal coordinates.

3. Geometrical Constraints

In this section, geometrical constraints
on the symmetry and elevation of a tenseg-
rity structure are separately formulated.
The rotational symmetry about the z-axis
of the structure is formulated as linear
equations with respect to the force density
vector and zy-coordinates of the nodes.
These two conditions should be satisfied in
the first and the second design stages, re-
spectively. The constraints on the elevation
of the structure are written in a linear form
with respect to the force density vector and
incorporated in the first design stage.

3.1 Symmetry Constraints with Re-

spect to Force Densities

nP-fold symmetry of a structure refers to
the fact that a member among a set of n®
members can be moved to any other mem-
ber in the set by the rotation about the z-
axis by 2im/nb, where i is an appropriate
integer value. These n® members are said
to be in the same orbit and have the same
lengths and forces, and the same force den-
sities accordingly. Note that there are usu-
ally more than one orbit of struts in a sym-
metric structure.

For example, the five struts shown in
thick lines in Fig.2 belong to the same or-
bit. Any one of the strut can be moved to
another by rotation about the z-axis by
2ir/5 (i € {1,2,3,4}). The cables in thin
lines belong to a different orbit.

Since the force densities of the members
in the same orbit of a symmetric structure
have the same value, the symmetry of the
structure with respect to the force density
vector can be written as

Fq=0 (5)

where there are only two non-zero elements
+1 and —1 in each row of F'. For example, if
members ¢ and j (i < j) are in the same or-
bit, there must be one row k of F consisting



of +1 and —1 at ¢th and jth elements, re-
spectively, and the the remaining elements
in the row are 0 as

1 forp =1
F.p) = -1 forp=17
0 for other cases

(6)
The constraints (5) on the force density vec-
tor will be incorporated in the first design
stage of the proposed method in the next
section.

3.2 Symmetry Constraints with Re-
spect to Nodal Coordinates

Since every node of a tensegrity structure
must be connected to only one strut in the
strict definition of tensegrity, it is sufficient
to consider only the struts of the structure
while describing the symmetry properties.
Moreover, since the struts in different or-
bits are geometrically independent in view
of symmetry, the symmetry properties of
a structure can be formulated only for the
struts in one orbit, and then simply ex-
tended to the whole structure.

Consider a symmetric tensegrity struc-
ture with n! orbits of struts and n’ struts
in each orbit. Denote the higher and lower
nodes of the strut i by pl and p?, respec-
tively. And denote the 2- and y-coordinates
of the nodes p! and p? by the vectors x! =
(2, y) " and x¥ = (28, y%) T, respectively.

The directed member vector d; € R?
(i = 1,...,n% of the struts on xy-plane is
defined as

d; = X} = X; (7)
which corresponds to the edges of a directed
graph [6]. For example, Fig.3 shows the di-
rected graph of the five struts in Fig.2.

d; in the kth orbit of struts of the struc-
ture are combined to d¥ € R2"" as

d*=(d/,...,d},)" (8)

And x? and x! in the orbit are combined to

P p?

Fig. 3. Directed graph of the five struts in
Fig.2.

xk € Rin" ag
.
b= ()T, )T DT ()T

The relationship between d* and x* in

orbit k can be written as follows by a matrix
Tk ¢ 3%an><4an

d* = Thx* (10)

where the matrix T* is constructed by the
2nb-by-2n’ identity matrix I in a form as
TH=( ' - ) (1)

The symmetry properties of a structure
can be easily described by the group rep-
resentation theory. The n® struts in an or-
bit constitute a cyclic group of order nb.
Details of cyclic group and its representa-
tion theory can be found in many math-
ematics or chemistry textbooks, e.g., [8].
However, knowledge on group representa-
tion theory is not necessary here, because
the two-dimensional E representation ma-
trix R,; of the cyclic group defined as follows
is identical to the transformation matrix of
counter-clockwise rotation about the z-axis
by 2(i — 1)7/n®, which might be more fa-



miliar to the designers:

RZ-:< g _S ) (12)

)

where C; = cos(2(i — 1)7/n’) and S; =
sin(2(i — 1)7/n).

If d; coincides with d; by the counter-
clockwise rotation about z-axis by the angle
2(i — 1)m/n®, the following relation holds:

d; = R;d; (13)

Eq. (13) can be rewritten with respect to
d* as follows by using the 2-by-2 identity
matrix I2:
(R, ... -P Jd" =0 (14)
Combining all the relations of d; (i #
1) and d; similar to Eq. (14) by using the
matrix S € R2"-Dx2n" e ohtain

S*d* =0 (15)

By substituting Eq. (10) into Eq. (15)
and letting S = SFTF € R’ -Dx4n’ the
rotational symmetry of the struts in orbit
k can be expressed in a linear form with
respect to the nodal coordinates in zy-plane
as

Sx* =0 (16)

Because the rotational symmetry of
the struts in different orbits can be for-
mulated independently, the rotational
symmetry of the whole structure in
terms of the generalized coordinate vec-
tor X = (()7,....x*")7) € % in
xy-plane can then be written as

SX =0 (17)

where S € R20'(n"~Dxdn'n® ig the tensor
product of an nf—by—nl identity matrix I
and the matrix S; ie., S=I" ®8S.

This way, the symmetry properties of the
whole structure can be formulated as a set
of linear equations with respect to the gen-
eralized nodal coordinate vector X in xy-
plane. The constraints Eq. (17) will be in-
corporated in the second design stage to en-
sure a rotationally symmetry of the struc-
ture.

3.3 Constraints on Elevation
Suppose that the elevation of the struc-
ture is assigned by the designer. So z-
coordinates of all the nodes are determined.
Since the following relation always holds

for any vectors q € R™, z € R" and matrix
C € Rmxn.

diag(q)Cz = diag(Cz)q (18)

the self-equilibrium equation (1.3) in z-
direction can be rewritten with respect to
q as

C'diag(Cz)q =0 (19)

By letting H = C'diag(Cz), the geo-
metrical constraints on the elevation of a
tensegrity structure with respect to q can
then be written as

Hq =0 (20)

which is incorporated in the first design
stage in the next section for finding the fea-
sible set of force densities.

4. Form-finding Process

This section demonstrates how the ge-
ometrical constraints on symmetry and
elevation of a tensegrity structure is in-
corporated into the adaptive force density
method.

4.1 Constraints on the Force Density
Vector

By assembling the columns of the equi-
librium matrix E to the vector g € R,



the relation between g and the force den-
sity vector q can be written as follows by
using a constant matrix B € ®***™ [5]

Bg=g (21)

where each row of B has only two nonzero
elements +1 and —1.

So far, we have three linear equations
(5), (20) and (21) with respect to q, which
are related to symmetry, elevation and the
equilibrium matrix, respectively. Eq. (21)
have to be strictly satisfied, because it is
derived from the definition of E, as the geo-
metrical constraints (5) and (20) should be
satisfied in view of designer’s preference.

Combine Egs. (5) and (20) as

(Iﬂ)qzo (22)

Since the matrix in the linear equation (22)
with respect to q is usually rank deficient,
the solution of (22) can be written as

q="a (23)

where a is a coefficient vector, and the
columns of the matrix ¥ span the solu-
tion space of Eq. (22). Note that ¥ is also
a constant matrix when the constraints
are given. Since E has to satisfy the non-
degeneracy condition (4) and q is related
to E through Eq. (21), the coefficient vec-
tor o cannot be selected arbitrarily.

4.2 Feasible Force Density Vector
(First Design Stage)

As the first design stage of the form-
finding process based on the adaptive force
density method, an iterative algorithm is
presented to find the feasible force densities
satisfying the non-degeneracy condition (4)
and the linear constraints (21) and (22).

Suppose that we have obtained the force
density vector q*, the corresponding equi-

librium matrix E? of which has the neces-
sary rank deficiency, at the ith step of the
iterative algorithm. Substituting Eq. (23)
into Eq. (21), we have

g’ = BU¥'a’ (24)

Since B¥' in Eq. (24) is usually full-rank
and not square, the coefficient vector can
be computed as follows by using the least
square method

o' = (BY') g’ (25)

where ()~ denotes the generalized inverse
matrix. The force density vector ' can be
updated to @'t by Eq. (23) as

q*t = ¥(BY) g’ (26)

Note that q'*! may not be equal to ¢,
so the new equilibrium matrix E“*! corre-
sponding to q“! may not have the neces-
sary rank deficiency h* and has to be re-
computed based on the following eigenvalue
analysis and spectral decomposition.

The symmetric equilibrium matrix E?
can be decomposed as [9]

E' = ®'A/(®")" (27)

where the columns of ®° are the eigen-
vectors of E’, and the diagonal elements
{X, AL, ..., AL} of the diagonal matrix A’
are the eigenvalues of E!. The number of
nonzero eigenvalues of E! is equal to its
rank.

Let r* denote the number of non-positive
eigenvalues of E’. There are two cases dis-
cussed in [5]: (a) r* < h* and (b) ' > h*.
From our numerical experience, r* < h* is
usually the case, so we focus on only this
case.

In order to make the equilibrium ma-
trix have the necessary rank deficiency h*,
we can assign the h* eigenvalues with the



smallest (absolute) values to zero. The di-
agonal matrix A is updated as A" with the
new eigenvalues, and the equilibrium ma-
trix is updated as E:

E = ®'A'(®)" (28)

Obviously, E* has the necessary rank defi-
ciency h*.

By iteratively applying Eqgs. (28) and
(26), we can adaptively find the feasible
force density vector q, which can be sum-
marized as follows:

Algorithm 1: Feasible force density

vector

Step 0: Give an initial q° to obtain E° by
Eq. (2). Set i := 0.

Step 1: Assign 0 to the h* smallest (ab-
solute) eigenvalues of E* and reconstruct
E’ by Eq. (28).

Step 2: Obtain g*!, calculate q'™! from
Eq. (26) and update E*! by Eq. (2).
Step 3: If Eq. (4) holds, then let q = q*™!,
compute E and terminate the algorithm;
otherwise, set ¢ «<— ¢ + 1 and return to

Step 1.

4.3 Determination of Configuration
(Second Design Stage)

As the elevation of the structure is given
by the designers, the z-coordinates of the
nodes are then determined. And only the
generalized nodal coordinates X in zy-
plane, which is subjected to the geometri-
cal constraint (17) on rotational symmetry
and the self-equilibrium equations (1.1)
and (1.2), is needed to be determined to
obtain the configuration of the structure.
The constraints are combined to the fol-
lowing linear equation with respect to X

( EQSW )X:O (29)

The solution of Eq. (29) can be written as
X = Q8 (30)

where 3 is the coefficient vector. If 3 is a
r°-dimensional vector, then the designers
have freedom of specifying ¢ independent
xy-coordinates denoted by X¢ € ™.

The rows of €2 corresponding to X¢ are
assembled to Q¢ € ™, and X can be
computed as

X = Q(Q°)~'1X° (31)

Together with the z-coordinates assigned
by the designers, configuration of the struc-
ture in terms of nodal coordinates can have
been uniquely determined.

There are many ways to specify the in-
dependent set of nodal coordinates X¢. A
method for identifying the dependent nodal
coordinates based on the Reduced Row-
Echelon Form (RREF) of QT was presented
in [10], where the designers can specify the
nodal coordinates consecutively according
to their preference.

The independent nodal coordinates can
also be determined in only one step based
on the RREF of Q7. A simple example of
this approach can be found in [5].

4.4 Adaptive Force Density Method
with Geometrical Constraints

The process of finding the configuration
of a tensegrity structure with constraints
on symmetry as well as elevation can be
divided into two design stages as follows:

Algorithm 2 — Form-finding Process
First Stage: Feasible Force Density Vec-
tor

(1) Specify the topology.

(2) Formulate the geometrical con-
straints with respect to the force
density vector.

(3) Assign an initial force density vector.



(a) Top view

(b) Side view

(c) Perspective view

Fig. 4. A symmetric three-layer tensegrity tower with three struts in each layer.

(4) Find the feasible force density vector

by Algorithm 1.
Second Stage: Determination of Config-

uration

(5) Formulate the geometrical con-
straints with respect to the nodal
coordinates.

(6) Specify an independent set of nodal
coordinates to uniquely determine
the configuration.

As will be demonstrated in the numerical
examples, designers can control the config-
uration of a tensegrity structure by chang-
ing the values of the parameters in Steps
(1), (2), (3) and (6). Symmetry of the struc-
ture is ensured by the constraints in Steps
(2) and (5).

5. Tensegrity Towers

Tensegrity tower, as shown in Fig.4, is a
special kind of tensegrity structures. It has
one or more layers and at least three struts
in each layer. The needle tower invented
and built by Kenneth Snelson in Bryant
Park in New York may be one of the best-
known tensegrity towers in the world.

In this section, we give a detailed de-
scription of the geometrical properties and
topology of the tensegrity towers, and use
them as examples in the next section to
demonstrate the process of finding the de-
sired configurations satisfying the geomet-
rical constraints.

5.1 Configuration

Suppose that a tensegrity tower has n'!
layers (orbits of struts) and n® struts in each
layer. The struts in each layer belong to the
same orbit.

The nodes that have the same z-
coordinate are said to be in the same plane.
Thus, each layer have two different planes
— the bottom and the top planes.

Since no strut physically contacts any
other strut, the number n of nodes of a
tensegrity tower is

n = 2n'n® (32)

A similar classification to the one in [11]
is adopted — the cables of the tensegrity
towers are classified into the following four
types as shown in Fig.4.(c) based on the



connectivity:

e Horizontal cables that connect the nodes
in the same plane. They can only exist in
the bottom plane of the lowest layer and
the top plane of the highest layer.

o Vertical cables that are connected by the
nodes in the top and bottom planes of
the same layer.

e Saddle cables that connect the nodes in
different planes of the adjacent layers,
e.g., the top plane of layer k£ and the bot-
tom plane of layer k + 1.

e Diagonal cables that connect the nodes
in the same top (or bottom) planes of the
adjacent layers, e.g., the top (or bottom)
plane of layer k and the top (or bottom)
plane of the layer k£ + 1.

5.2 Elevation

Denote the height of the ith layer by H;
(i = 1,...,n'), and the overlap between
two adjacent layers ¢ and ¢ — 1 by h; (i =
1,...,n') where h; = 0. Designers are free
to design the elevation of the structure by
assigning H; and h;. The total height H of
the structure can be computed by

(33)

The z-coordinates z}. of the nodes in the
top plane of layer k (k = 1,...,n') can be
determined as

2= ;(Hz’ — hs) (34)

And the coordinates 2% of the nodes in the
bottom plane of layer k can be computed
by

(35)
This way, the vector z of the z-coordinates
of the tensegrity tower can be determined.

bt

5.3 Topology

10

2" Horizontal

Fig. 5. An example of connectivity of struts,
horizontal cables and saddle cables.

In order to formulate the connectivity
matrix C in a simple manner for a tenseg-
rity tower with any number of layers (n! >
1) and any number of struts (n’ > 3) in
each layer, topology of a general tensegrity
tower is defined in this subsection.

The nodes in the bottom and top planes
of layer k are labelled by p} ; and pj, ;, re-
spectively, as

ph; =2(k — 1)n’ +j

(=1,...
Py = 2k —1)n" +j

5.8.1 Struts
The jth strut P,fj in layer k is connected
by nodes pj, ; and pj, ; in different planes:

B b
Pk,j = [pk,jup}tq,j] (37>
where [4, j] indicates that nodes ¢ and j are
connected to construct a member. A simple
example with n® = 3 is illustrated in Fig.5,
where the vertical and diagonal cables are

removed for clarity.

5.8.2  Horizontal and Saddle Cables

If the tangent stiffness matrix, after con-
straining the rigid-body motions, is posi-
tive definite, the structure is said to be pre-
stress stable. When the equilibrium matrix,



p,
(a) ¢’ =1

b
P

(b) ¢ =2

Fig. 6. An example of connectivity of vertical cables in layer k.

or the geometrical stiffness matrix, is posi-
tive semi-definite, the structure is guaran-
teed to be prestress stable irrespective of
the selection of materials and level of self-
stresses, so it is said to be super stable in
this case [7]. Apparently, super stability is
usually preferred in the design of a tenseg-
rity structure.

For the one-layer tensegrity towers (n
1) as shown in Fig.1, it has been proved that
the structure is not super stable if the hor-
izontal cables are not connected with the
adjacent nodes [7]. This is not always true
for the prestress stability, which depends on
the interaction of the mechanisms and the
geometrical stiffness matrix [12].

In order to avoid the risk of generating
an unstable structure in view of either su-
per or prestress stability, the horizontal and
saddle cables are assumed to connect the
adjacent nodes as shown in Fig.5. Thus the
connectivity of horizontal and vertical ca-
bles are given as follows:

I _

e horizontal cables PE.

7. and P . are con-
nected by the adjacent nodes in the bot-
tom and top planes of the lowest and
highest layers, respectively, as
H boob
Py = 1101 ]

b
P?ﬁ,j = [pzl,ﬁpfﬂ,j—&—l] 7

(Gj=1,..

(38)

11

e saddle cables are connected by the nodes
in the top plane of layer k£ and the bottom
plane of layer k£ + 1 as

S ot b
Plc,Qj—l_ k,j7pk+1,j]

(39)
b lf,zj = [pzﬂ,j»pfc,jﬂ]

wherej =1,...,ntandk=1,...,nl—1.

The following relations have been used in
Egs. (38) and (39) for brevity.
b _ b ¢ i
Pipnvi1 = Pris Prnby1 = Pr (40)
5.3.83  Vertical and Diagonal Cables
Connectivity of vertical and diagonal ca-
bles is not unique. For example, it may be
noticed in Figs. 6.(a) and (b) that pf, is
connected to pj, , and pj, 5 by the vertical ca-
bles, respectively, leading to different topol-
ogy. To illuminate this difference, we intro-
duce the parameters ¢’ and ¢? to define the

connectivity of vertical and diagonal cables
as follows:

e vertical cable: The connectivity of the
vertical cables are defined by using an

integer ¢* € {1,...,nb} as
PXJ’ = [pz,japz,j+c“] (41>
where j = 1,...,n%, k=1,...,n!, and

jH =G4+ —nbif j+ ¢ > nb.



e diagonal cable: The connectivity of the
diagonal cables are defined by using an
integer ¢? € {0,...,n® — 1} as

Dy b b
B = Pk PRy jredl

42
i (42)

[pll;,ja p2+1,j+cd]

where j = 1,....n%, k=1,...,n' — 1,
and j +c? = j +c? —nbif j + ¢t > nl.

From the connectivity of the members
and nodes for a general n'-layer tensegrity
tower, with n’ struts in each layer, the num-
bers of struts m?, horizontal cables m”, ver-
tical cables m", saddle cables m® and diag-

onal cables m? can be written as
mb = nlnb, mh = 2n®,
m® =2(n' —1)n®, m®=nlnb (43)
m? =2(n! — 1)n?

and the number m of all members of the
structure is

m = 6n'n® — 2n° (44)

Following the definition of connectivity
of each type of members and the numbering
in Eq. (36), the connectivity matrix C €

R™*™ can be easily constructed.

6. Numerical Examples

In this section, several numerical exam-
ples with different numbers of layers and
struts in each layer are presented to inves-
tigate the validity of the proposed method
and to demonstrate its capacity of sys-
tematically finding the configurations of
tensegrity towers subjected to geometrical
constraints.

In the following examples, the connectiv-
ities of the vertical and diagonal cables are
fixed as ¢V = 1 and ¢? = 0 for simplicity.

6.1 Three-layer tensegrity tower
Consider a tensegrity tower as shown in
Fig.7, which consists of three layers and
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four struts in each layer; i.e., n! = 3 and
n? = 4. The structure is composed of 24
nodes and 64 members, including 12 struts,
8 horizontal cables, 12 vertical cables, 16
saddle cables and 16 diagonal cables. The
members of each type in the same obit are
classified into a group. Therefore, there ex-
ist 14 groups in total, and the members in
the same group have the same force densi-
ties.

As an example, we assign the elevation of
the structure as listed in Table 1. Note that
the heights of every layer and the overlaps
are not uniform. The total height H is 19.0.

To start Algorithm 1, the initial force
densities of all struts and all cables are as-
signed as —1 and +1, respectively. Algo-
rithm 1 runs 394 iterative steps for finding
the feasible force densities as listed in Ta-
ble 2, where ¢%, ¢", ¢¥, ¢* and ¢% denote
the force densities of the groups of struts,
horizontal cables, vertical cables, saddle ca-
bles and diagonal cables, respectively.

The final equilibrium matrix E has four
zero eigenvalues and 20 positive eigenval-
ues, the minimum and maximum values of
which are 0.1803 and 7.1592, respectively.
Therefore, the structure satisfies the non-
degeneracy condition and is super stable.

In the second design stage, there are up to
four independent coordinates in xy-plane
that can be arbitrarily specified by the de-
signers, while the constraint on symmetry
is considered.

Based on the algorithm of consecu-
tively specifying the independent set of
nodal coordinates described in [10], the
xy-coordinates of the nodes plil and pf,
connected by the strut P in the lowest
layer are selected to be specified. Note that
this is not the only independent set of co-
ordinates. If the xy-coordinates of these
two nodes are specified as (10.0,0) and
(2.5,4.0), then the configuration of the
structure is uniquely determined as shown



(a) Top view

(b) Side view

Perspective view

Fig. 7. A three-layer tensegrity tower with four struts in each layer.

Table 1
Elevation of the three-layer tensegrity tower.
Hi Hy Hz|h hy hy| H
100 80 6.0[00 30 20]19.0
Table 2
Feasible force densities of each group of members.
qbl qb2 qb3 th qh2 q’Ul qv2 qvg
—1.1656 —1.1226 —1.2366 | 1.2758 1.2652 0.5718
¢ g g A L
1.4572 1.4547 0.8484 0.8262 0.5609 0.4190

in Fig.7. It is easy to observed from the top
view of the structure that the struts in the
same layer are rotationally symmetric by
the angle /2.

If the same the nodal coordinates in xy-
plane are specified to the strut Pfl in layer
2, the configuration is uniquely determined
as shown in Fig.8. As can be easily ob-
served, the new configuration of the struc-
ture becomes slightly slender compared
with the configuration in Fig.7. Note that
only the nodal coordinates in xy-plane
have been changed in the second stage of
the form-finding process. Therefore, Algo-
rithm 1 need not be applied again to find
the feasible force densities.

6.2 Ten-layer Tensegrity Tower
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As an example of more complex struc-
ture, consider a ten-layer tensegrity tower
as shown in Fig.9 with four struts in each
layer; i.e., n' = 10 and n® = 4. The struc-
ture is composed of 80 nodes and 232 mem-
bers. For simplicity, the heights and over-
laps are uniformly assigned as H; = 10.0
and h; = 2.0 besides h; = 0.0, respectively.
The total height is 82.0. Constraint on sym-
metry is also incorporated for this struc-
ture. The initial force densities of all struts
and cables are given as —1 and +1, respec-
tively.

After 511 iterative steps in Algorithm 1
for finding the feasible force density vec-
tor, four independent nodal coordinates in
xy-plane need to be specified for this sym-
metric ten-layer tensegrity tower. If the zy-
coordinates of the nodes pg’l and ph ; con-



(a) Top view

(b) Side view

Perspective view

Fig. 8. New configuration of the symmetric three-layer tensegrity tower with the same force
densities and coordinates in z-direction but different coordinates in xy-plane.

nected by the strut Pfl in layer 2 are spec-
ified as (10.0,0) and (2.5,4.0), the sym-
metric configuration of the structure is ob-
tained as shown in Fig.9, where the top
view and the side view have been drawn
in different scales. The structure is super
stable, because the equilibrium matrix is
positive semi-definite with four zero eigen-
values. So the necessary condition for non-
degeneracy is satisfied as well.

By modifying the values of the initial
force densities and the independent nodal
coordinates, more new interesting con-
figurations can be systematically found.
Hence, it can be concluded that the pro-
posed method is applicable to a tensegrity
tower with any number of layers (n! > 1)
and any number of struts in each layers
(nb > 3), although other examples of more
complex structures are not presented.

7. Discussions and Conclusions

Two geometrical constraints, symme-
try and elevation, of a tensegrity structure
are incorporated into the adaptive force
density method developed by the authors.
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The constraints are formulated in linear
forms with respect to force densities and
nodal coordinates, that are incorporated
in the two design stages of the presented
method The linear constraints with re-
spect to the force densities are used in the
first design stage to find the feasible force
densities that satisfy the non-degeneracy
condition. The constraints with respect to
the nodal coordinates are combined with
the self-equilibrium equations to uniquely
determine the configuration in the second
stage by assigning the independent nodal
coordinates.

In the form-finding process of a tenseg-
rity structure subjected to geometrical con-
straints, the following parameters need to
be specified:

—_

topology;
geometrical constraints;

an initial set of force densities;
an independent set of nodal coordi-
nates.
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Fig. 9. A ten-layer tensegrity tower with four struts in each layer.

The tensegrity towers are used as numer-
ical examples to illustrate the capability
of finding appropriate configuration sub-
jected to the geometrical constraints. More-
over, based on the detailed description of
the geometry of the tensegrity towers, de-
signers can avoid tedious job of modelling
the topology of complicated tensegrity
structure, and can concentrate on design
aspect according to their preferences.

Besides the tensegrity towers, the pro-
posed method can also be applied to other
types of tensegrity structures subjected to
geometrical constraints.

However, although the designers can
have direct and exact controls over some
geometrical properties, it is unlikely to
control all aspects of a tensegrity struc-
ture. For example, it is not easy to exactly
assign the lengths of all members. This
is also considered as one of the common
shortcomings of the family of force density
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method.
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